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■ The system of CCFM equations for unintegrated parton distributions in a photon is 

considered in the single loop approximation. We include quarks and non-singular parts 
of the splitting functions in the corresponding evolution equations. We solve the system 
, of CCFM equations utilising the transverse coordinate representation which diagonalises 

Q I these equations in the single loop approximation. The results for the unintegrated gluon 

' distributions in a photon are presented and confronted with the approximate form ex- 

pressing those distributions in terms of the integrated gluon and quark distributions and 
^ ■ a suitably defined Sudakov-like form factor. 

1 Introduction 

Inclusive quantities describing the hard processes are controlled in the QCD improved parton 
model by the scale dependent quark and gluon distributions which depend upon the longi- 
tudinal momentum fraction x and upon the hard scale Q^. In order to describe less inclusive 
quantities which are sensitive to the transverse momentum of the parton it is however necessary 
to consider the distributions unintegrated over the transverse momentum of the parton 
Those unintegrated distributions are described in perturbative QCD by the Ciafaloni-Catani- 
Fiorani- Marchesini (CCFM) equation based upon quantum coherence which implies 



angular ordering |TT|. It embodies in a unified way the (LO) DGLAP evolution and BFKL 
dynamics at low x. 



Existing analyses of the CCFM equation concern predominantly parton distributions in a 
nucleon ||, p| 



m 



The purpose of this paper is to extend this analysis to the case of the 
unintegrated parton distributions in a photon. We limit ourselves to the so called 'single loop' 
approximation in which the CCFM equation is equivalent to the LO DGLAP evolution |T2|, |TB|. 
We shall utilise the fact that in this approximation the CCFM equation is diagonalised by the 
Fourier- Bessel transform and so one can explore the transverse coordinate representation of this 
equation [^. The transverse coordinate representation conjugate to the transverse momen- 
tum of the parton has proved to be very useful in studying pt distributions within the DGLAP 
framework and it has been widely explored in the analysis of the soft gluon resummation effects 
in e~^e~ collisions [^],|23|, in the pt distribution of Drell-Yan pairs |2i| etc. The formalism of 
transverse coordinate representation adopted in our analysis of the CCFM equation is similar 
to that used in those studies. 



The single-loop approximation of the CCFM equation which we shall use neglects important 
small X effects and so it may not be reliable at (very) small x. It should however become an 
adequate approximation at moderately small values of x (i.e. x > 0.01 or so) which is relevant 
phenomenologically e.g. for the description of the heavy quark production in 77 collisions at 
presently available energies EH . 



The CCFM equation is usually considered only for the gluonic sector and, in principle, with 
only the singular parts of the g gg splitting functions included in the evolution. In order to 
have a formalism which is phenomenologically relevant at large and moderately small values of 
X one has to incorporate also the quark distributions and the complete splitting functions. This 
is straigtforward in the 'single loop' approximation which, after integration over the transverse 
momentum of the partons, should reduce the CCFM equations to the conventional DGLAP 
evolution equations. 



The content of our paper is as follows: In the next Section we introduce the system of 
CCFM equations in the single loop approximation for the unintegrated parton distributions 
in a photon. In Section 3 we discuss the transverse coordinate representation which partially 
diagonalises the system of CCFM equations. In Section 4 we present results of the numerical 
solution of the CCFM equation(s) for the unintegrated gluon distributions in a photon. We do 
also discuss approximate treatment of these equations which allows to relate the unintegrated 
gluon distributions in a photon to the integrated gluon and quark distributions and the suitably 
defined Sudakov-like form-factor. Finally, in Section 5, we summarise our main results and give 
our conclusions. 
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2 The CCFM equation in the single loop approximation 
for the parton distributions in a photon 



In this Section we introduce the system of CCFM equations for the unintegrated parton dis- 
tributions in a photon. We extend the CCFM framework by including the quark distributions 
and the non-singular parts of the splitting functions. We limit ourselves to the single-loop 
approximation which should be adequate in the region of moderately small values of x. 

The original Catani, Ciafaloni, Fiorani, Marchesini (CCFM) equation for the uninte- 
grated, scale dependent gluon distribution fg{x, Qt, Q) which is generated by the sum of ladder 
diagrams with angular ordering along the chain has the following form: 



/,(x,Qt,g) = /°(x,gt,g) + j 



^ ['^e{Q~qz)eiq-qo)^As{Q,q,z)x 



7rq^ z 



X 



2N z fx 

2N,Ans{Qu q, z) + 7-^/ -, IQi + (1 - z)qlq 
(1 — z) \z 



(1) 



where ^siQ, 1, z) and /S.Ns{.Qt, q, z) are the Sudakov and non-Sudakov form factors. They are 
given by the following expressions: 



As{Q,q,z) = exp 



{qz)2 



dp^ as 



l-<?o/p 



dZZPgg{z) 



(2) 



ANs{Qt,q, z) 



exp 



^ dz' f^' dp^2N,as 



P^ 271 



(3) 



The variables x,Qt,Q denote the longitudinal momentum fraction, transverse momentum of 
the gluon and the hard scale respectively. The latter is defined in terms of the maximal emission 
angle H, H). The constraint Q{Q — qz) in equation ([^) reflects the angular ordering and the 
inhomogeneous term f'^{x,Qt,Q) is related to the input non-perturbative gluon distribution. 
It also contains effects of both the Sudakov and non-Sudakov form- factors flTHl. 



In order to make the CCFM formalism realistic in the region of large and moderately small 
values of x we should introduce, besides the unintegrated gluon distribution fg{x,Qt,Q) also 
the unintegrated quark distributions fqX^yQt,Q), where i numerates the quark flavour, and 
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include the q — >■ gq, {q gq) and g qq transitions along the chain. In order to get exact 
correspondence with the complete LO DGLAP evolution one should also use complete splitting 
functions and not only their singular components. In the region of large and moderately small 
values of x one can introduce the 'single loop' approximation which corresponds to the replace- 
ment of the angular ordering constraint Q{Q — qz) by Q{Q — q) and to setting the non-Sudakov 
form-factor A^rs equal to unity |jl2|, |13[ . 



It is convenient to consider the unintegrated singlet S and non-singlet {NS) quark distri- 
butions: 

/5(x,Q<,Q) = 2Sti^(a;,,Qi,Q), (4) 



fNs{x,Qt,Q) = 2EUe^Uix,,Qt,Q)- <e'> fs{x,Qt,Q), (5) 

where 



< e' >= j^Le^, (6) 

with Cj denoting the charge of the quark of the flavour i and / being equal to the number of 
active flavours. 

It is also convenient to 'unfold' the Sudakov form-factor (s) so that the virtual corrections 
and real emission terms appear on equal footing in the kernels of the corresponding system of 
integral equations. The unfolded system of CCFM equations in the single loop approximation 
takes the following form: 



jNsix, Qt,Q) = 7^2— + iNsix, Qt) + 



+ i'dz [ ^^Q{q' - q'oMQ - q)P,,{z) y< 







nq^ 271 



X 



X 



e{z - x)fNS [-,Q't,q) - fNs{x, Qt, q) 



(7) 
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where 



fs{x,Q„Q) = ^^ + flix,Q,) + 



+ / dz 



X I 6(2 - x) [PUz)fs Q't, q) + Pqg{z)fg Q;, g) 



- Pqq{z)fs{x,Qt,q) 



(8) 



/,(x,Qi,Q) = /;(x,Qi) 



+ Trf. / ^^e{q' - q'oMQ - q) y< 







vrg^ 27r 



X < Q(z — x) 



[zPg3(2;) + ZPqg{z)\ fg{X, Qf, 



(9) 



Q; = Qt + (1 - z)q. 



(10) 



The functions k'^^si-'^) kg{x) are defined as below: 



k%s{x) = 2NJ{< e^>-<e' >')[x' + {I - x)% 



(11) 



k^ix) = 2NJ <e^> [x^ + (1 - x)% (12) 

with Nc denoting the number of colours. The inhomogeneous terms proportional to k^^g^x) and 
k%{x) in equations (0) and (|]) respectively refiect the point coupling of the photon to quarks 
and antiquarks. The functions f%s{XiQt)-, fsiXiQt)^ fgi^^Qt) denote the non-perturbative 
'hadronic' components of the unintegrated non-singlet, singlet and gluon distributions respec- 
tively. The parameter go is the infrared cut-off. The splitting functions Pab{z) are the LO 
splitting functions, i.e.: 
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3 1-z 



p,,iz) = f[z' + (i - zn 



Al + {l-zf 



z 1- z . , 
+ + 2; 1 - z) 



1 — z z 



(13) 



3 CCFM equation in the transverse coordinate repre- 
centation 



It can easily be observed that the system of CCFM equations in the single loop approximation 
(0) " (0) '^^^ diagonalised by the Fourier-Bessel transform PH : 



fk{x,Qt,Q) = / dbbJo{Qtb)fk{x,b,Q), 
Jo 



(14) 



fk{x,b,Q)= / dQtQtMQtb)fk{x,Qt,Q), 
Jo 



(15) 



where k = NS,S,g and Jo{u) is the Bessel function. The corresponding system of CCFM 
equations for fNs{x,b,Q),fs{x,b,Q) and fg{x,b,Q) which follows from equations (|^) - 
reads: 



f^six, b, Q) = ^4^(x)/J(6, Q) + /o ^(x, b) + 



2tt 



+ ^^e{q'-q'oMQ-Q)PU^)x 
e{z - x)Jo [{1 - z)qb] /ns b, - fNs{x, b, q) 



(16) 
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fsix,Qt,Q) 



a 



7^kl{x)f;,{b,Q)+fl{x,b) + 



X |e(z - x) Jo [(1 - z)qb\ [P,,{z)fs 6, q) + 6, q 



Pggiz)fs{x,b,q) 



(17) 



/,(x,Qi,Q)=/;(x,6) + 



+ / dz 



dq^ asiq^ 
^2 2^ 



0(g' - go')0W - 9) 



X I - a;) Jo [(1 - z)qh\ [Pg,{z)fs 6, g) + Pgg{z)f, 6, g 



(18) 



The function /pj(fe, Q) controlling the inhomogeneous term originating from the point-like 
interaction is defined as: 



/°(6,Q)= / dQ,Q^ 

'go 



Jo(&Qt) 
t — 7^:2— 



(19) 



In the definition of the inhomogeneous term corresponding to the point interaction of the photon 
we have introduced upper limit cut-off equal to Q in the integration over dQt in equation ([19D . 
This is necessary for making the CCFM formalism compatible with the DGLAP evolution for 
the integrated parton distributions /j*"*(x, Q^) 



xfr\x,Q')= / dQiU{x,QuQ). 
Jo 



(20) 



The integrated distributions fi"'^{x, Q^) are given by the distributions fi{x, b,Q) at b = i.e. 

xfr\x,Q') = 2Mx,b = 0,Q). (21) 
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Equations ([T^) - (|I8]) are equivalent to the following system of inhomogeneous differential 
equations: 



Q 



2dfNs{x,b,Q) 



27r 



27T 



X 



e{z - x) Jo [(1 - z)Qb\ f^s (^,b,Q]- hsix, b, Q) 



X 



(22) 



Q' 



,dfs{x,Qt,Q) aem,o/ ^MbQ) , 



2\ /•! 



X 



27r 



+ 



27T 



dz\^e{z-x)J^i[{l- z)Qb\ 



Pm{^)fs [^AQ)+P,g{z)fg (f,^^?)] -P,,{z)fs{x,b,Q)^ (23) 



^.^^(^ ^ I ^^1^^^ _ ^^^^ _ ^^^^^ 



X 



PU^)fs{^,b,Q)+P,giz)fg(^^,b,Q 



[zPggiz) + ZP,g{z)]fg{X,b,Q) 



with the initial conditions: 



(24) 



fi{x,b,qo) = fi{x,b), 



(25) 



where i corresponds to NS, S and g. In complete analogy to the integrated parton distributions 
in a photon we can introduce conventional decomposition of the distributions fi{x,b,Q) into 
their point-like f[{x, b, Q) and hadronic fi{x, b, Q) components i.e. 



U{xAQ) = f!{xAQ) + fi{xAQ)- 



(26) 



The point-like components ff{x,b,Q) are the solutions of inhomogeneous equations (^ 
53) with the initial conditions 



fi{x,b,qo) = 0. 



(27) 



The hadronic components //^(x, b, Q) are the solutions of the homogeneous equations corre- 
sponding to equations (^) - ( p4|) with inhomogeneous terms set equal to zero. The initial 
conditions for the hadronic components are given by equation (^51). 
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4 Numerical results 



In this section we present results of the numerical analysis of the CCFM equation in the single 
loop approximation for the gluon distribution in a proton. To this aim we solved equations 
(|23|) and ([2^ ) following the LO DGLAP analysis performed at 



. The unintegrated gluon 



distributions are then calculated from equation ([I^). We have assumed the following initial 
conditions for the distributions fs{x, b, Q) and fg{x, b, Q) at Q = go, where = 0.26GeV^ : 



fsix,b,qo) = -xT.{x,ql)F{b), 



(28) 



fg{x,b,qo) = ^xg{x,qo)F{b), 
where the form-factor F{b) was assumed to have the the following form 



F{b) = exp I — 



ft2 



(29) 



(30) 



with 6q = AGeV . The functions ^q) and g{x,qQ), which are the integrated singlet and 



gluon distributions in the photon at the reference scale were taken from refs. ||26[ and ^^7j. To 
be precise the parton distributions in a photon at the reference scale Q = qo were obtained in 
p6| from the VMD model with the parton distributions in vector mesons assumed to be given 



by those in a pion and taken from The singlet and gluon distributions in the photon at 
= go are expressed in the following way in terms of the corresponding distributions in the 
pion: 



go) = aem{Gl + Gl) [xq^{x, ql) + 4xg''(x, go)] ; 



(31) 



xg{,x, go) = aem{Gl + Gl)xg'^{x, ql) 



(32) 



with = 0.5 and = 0.043. The valence quark, antiquark and gluon distributions in a pion 
for = go were parametrised as below [^]: 



xq^{x,q^) = 1.129(1. + 0.153v^)a;°-^°^(l 



X 



.0.349 



(33) 



xq-^{x, ql) = 0.522(1. - 3.243v^ + 5.206a;)x 



0.16/ 



X 



,5.2 



(34) 



xg^'ix^ql) = 7.326(1 - 1.919v^ + 1.524x)x^-^^=^(l - x. 



1.326 



(35) 
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QJGeV] 



Figure 1: The function Qtfg{x,Qt,Q)/aem, where fg{x,Qt,Q) is the unintegrated gluon dis- 
tribution in a photon plotted as the function of the transverse momentum Qt of the gluon for 
X = 0.01 and Q = lOGeV^. The solid and dashed lines correspond to the exact solution of 
the system of the CCFM equations in the single loop approximation and to the approximate 
expression (^) respectively. 




Figure 2: The function Q^fg{x,Qt,Q)/aem, where fg{x,Qt,Q) is the unintegrated gluon dis- 
tribution in a photon plotted as the function of the transverse momentum Qt of the gluon 
for a; = 0.1 and Q = lOGeV. The solid and dashed hues correspond to the exact solution of 
the system of the CCFM equations in the single loop approximation and to the approximate 
expression (^) respectively. 
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m L — ^ 1 1 .. i ^ 1 <- 



Figure 3: The point-like (solid line) and hadronic (dashed line) components of the unintegrated 
gluon distribution in a photon plotted as functions of the transverse momentum Qt of the gluon 
for X = 0.01 and Q = lOGeV. 




Figure 4: The point-like (solid line) and hadronic (dashed line) components of the unintegrated 
gluon distribution in a photon plotted as functions of the transverse momentum Qt of the gluon 
for a; = 0.1 and g = lOGeV. 
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Results of our calculations concerning unintegrated gluon distributions in the photon are 
presented in Figures 1 and 2. We plot in these figures Q^fg{x, Qt, Q)/oiem as the function of Qt 
at Q = IQGeV for two values of i.e. for x = 0.01 (Fig. 1) and x = 0.1 (Fig. 2). We compare 
our result with the approximate expression for fg{x, Qt, Q) / aem- 

Q'tfg{x,Qt,Q)^ 



aM)Tg{Qt,Q) 



t/Q 



dz 



27raem 

where the Sudakov-like form-factor is given by: 

Tg{QuQ) 



Pgg{z)-g (-,Qi)+Pg,{z)-i: (-,Ql 



(36) 



exp 



,2 g2 2tx 



dz'[z'Pgg{z')+Z'P,g{z')] 



(37) 



Derivation of approximate relation (pq), which is similar to that discussed in g] is given in 
the Appendix. We see that the approximate expression (|36D reproduces reasonably well exact 
solution of the CCFM equation for unintegrated gluon distributions in a photon. In Figures 3 
and 4 we show decomposition of the unintegrated gluon distrtibutions into their hadronic and 
point-like components. The point-like component is found to become increasingly important 
in the region of large Qt- The relative contribution of this component does also increase with 
increasing x. 



5 Summary and conclusions 

We have considered in this paper the system of CCFM equations in the single loop approxima- 
tion for the unintegrated parton distributions in a photon. We have extended the conventional 
CCFM formalism by including quarks and the complete splitting functions. We have utilised 
the fact that the CCFM equation(s) in the single loop approximation can be diagonalised by 
the Fourrier-Bessel transform. We have found that the unintegrated gluon distributions in a 
photon obtained from the exact solution of the system of CCFM equations in the single loop 
approximation can be well represented by the approximate expressions connecting the those dia- 
tributions with the integrated (gluon and quark) distributions and the Sudakov-like form-factor. 

The novel feature of the CCFM equation for the parton distributions in a photon, when 
compared with the hadronic case is the presence of the point-like components. Those compo- 
nents become increasingly important at large values of x. They have also been found to play 
important role at large values of the trasnverse momentum Qt of the gluon for moderately small 
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values of x. 



The unintegrated gluon distributions which describe the x and Qt distributions are impor- 
tant quantities are neede in the description of the processes which are sensitive to the transverse 
momentum of the gluon. Their knowledge is in particular necessary for the description of heavy 
quark production in 7 7 collisions within the kt factorisation. Results obtained in our paper 
may therefore be used for the theoretical analysis of this process. 
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Appendix 

Let us make the following approximation: 

j(M)~e(i-M). (38) 

It is clear that in this approximation solution of equations (0,0) is independent of h for 
Q < 1/6, provided we neglect the h dependence of the 'hadronic' input that is justified at small 
h. ^From (|15| , ^8D we also get: 

A(x.Q,.Q).2 Sh(x,b=^IQ'^Q) , (39) 



It is useful to rearrange equations (|T3)|il) as below: 



f\ _ _ 

fs{x, 6, Q) = -^kl{x)fl,{b, Q) + /°(a;, b) + 



27r 

'1 r ^^2 ^, f^2\ 



Jo J T 27r 

Jo [(1 - z)qh\ [q{z - x) {P,,{z)fs (^, 6, q) + P,,{z)f, 6, q^ 

- P,,{z)fs{xAq)\ + PM{1 - Jo[(l - z)qh])fs{xAq)Y (40) 
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X 



Jo [(1 - z)qb] [e{z - x) [P,g{z)fg b, g) + P^^{z)fs 6, g) ) - 



- {zP,g{z)+zP,g{z))fg{x,b,q)\ - [zPgg{z) + zP,g{z)]{l-M{l-z)qb])f,{x,b,q)j. (41) 

Differentiating this equation with respect to dQ^ for 6^ = l/Qf and using equations (|38|j39|) 
we get: 



fs{x,Qt,Q) 



KoiX 



2n Ql 



+ / dz 



g2 27r 



e(g^ - qimQ -q)x 



x[s{q' - Q't/a - ^f) ^of^ [PU^)fs (f , b, q) + P,,{z)f, b, q 



- P,,{z) [1 - 0(g2 _ q2/(i _ ^)2)] f^^^^ ^) 



(42) 



f,{x, Qt, Q) = f^{x, Qt) + I dz I :^^^Q(q' - ql)Q[Q - q) x 



X - Q?/(l - zf) [P,,{z)f, 6, g) + P,,iz)fs g 

- [zPg,{z) + ^p,,(^)] [1 - e(Q,V(i - - q')]faix, Qt, g)}. 



(43) 



In equations (^^3]) we have neglected integrals with the integrands containing the terms 



hke: 



e[Qi-(l-^)g] 



Paaiz)eiz - x[ 



df,{%b=l/Qlq) 



-{zPgg{z) + zP,g{z)) 



df,{x,b = l/Qlq) 



(44) 
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Neglecting those terms is justified, since in the region q < Qt/ {1 — z) Qt fg{x , b = 1 / , q) 
is independent of b and so its derivative with respect to dQ^ vanishes. We next identify: 



X 



2f4-,b=l/Qt,q = Qt/{l-z] 



(45) 



X 



2fg{-,b=l/Qt,q = Qt/{l-z] 



z \z 



Substituting ( ^ , ^6D into equations (^,^) we get 

kl{x)) 



fs{x,Qt,Q) 



2n Q} 



+ fs{x,Qt) + 



(46) 



dz 



- r f dzP,,{z)[l-Q{Qll{l-zf -q')\fsM,,q), (47) 

Jql T 271 Jq 



fg{x,Qt,Q)c^fJx,Qt) + 



dz 



/ 4^/ dz[zP,,{z)+zP,,{z)][l-Q{Qt/{l-zr~q')]f,{x,Q„q). (48) 

Ja?: H Jo 



',0 2vr 
Let us now define the Sudakov-hke form factor T„ 



TgiQuQ) 



exp < — 



^2 2^ 



dz[zPgg{z) + ZPgg{z)] 



(49) 



/^From equation (58) we get the following approximate expression for the unintegrated gluon 
distribution: 



fgix,Qt,Q)^Tg{Qt,Q) 



dzT'\Qt,Qt/{l-z)) X 



p,A^)^9 (^,g?)+p,,(.)^s(^,Q 



(50) 
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Let us finally notice that: 



expl- [ / ' ' 'dz'[z'P,,iz') + z'P,,{z')] . (51) 

y jQi/(i-z)^ Q Jo J 

Replacing the lower integration limit Qf/{1 — z^ by in the integral in the argument of the 



exponent in equation (|5lD we get from equations (^) and (|5TD equation (^) in Section 4 
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